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Abstract 

 

UC RUSAL is currently testing a system for optimized precipitation control, which enables 

stabilization of gibbsite particle size distribution and improved liquor productivity. The current 

version features a predictive mathematical model represented by an artificial neural network. The 

neural network has been trained using the historical data and functions well under normal 

conditions; however, optimizer application requires better adaptability from the model while 

maintaining the same accuracy. A population balance model (PBM) of gibbsite mass 

crystallization allows for the development of an adaptable model with strict dependencies 

between the process parameters and explainable predictions, but this model works slowly and 

requires manual adjusting. On the other hand, a neural network model performs almost immediate 

predictions but the results are not always explainable. A surrogate model can be a compromise 

solution between these options. A PBE-based prototype surrogate model of gibbsite mass 

crystallization has been developed in similar way as a physics-informed neural network. 

Laboratory test results show that the model can be used to describe agglomeration and growth of 

gibbsite crystals in pregnant liquor. 

 

Keywords: Alumina size control, Population balance model, Neural network, Predictive model, 

Process optimization. 

 

1. Introduction 

 

The particle size distribution (PSD) in aluminium hydroxide production at low A/C filling liquor 

is controlled by adjusting the supersaturation in precipitators because the absence of fine seed 

agglomeration at low A/C does not allow direct control of particle size and number of particles. 

 

An adequate model must be developed for automated control of the aluminium hydroxide PSD. 

The correlation between the size and number of particles in the crystallization process is most 

accurately described by the population balance Equation 1: 

 

 
𝜕𝑛

𝜕𝑡
+ 𝐺

𝜕𝑛

𝜕𝐿
= 𝐵 − 𝐷 (1) 

 

where: 

n numerical density function expressing the derivative of the number of particles dN within 

the interval from L to L+dL in the slurry volume unit, m–4 

L particle size, m 

n/t rate of change of numerical density in time in the slurry volume unit, 1/(m4 s) 

G linear growth rate of crystals, m/s 
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B and D rates of formation and disappearance of particles within the interval resulting 

from their generation and transition between size grades respectively, 1/(m4s) 

 

Despite the high accuracy and fine development of the mathematical theory of population balance 

for precipitation, its complexity and the need for manual adjustment limit its use as part of the 

automated control system. 

 

2. 1st Generation Optimal Control System 

 

The control objective is to ensure stable PSD of aluminium hydroxide particles at maximum 

liquor productivity. Model Predictive Control (MPC) is more suitable than other methods because 

it enables control of the process while accounting for future conditions. MPC requires a predictive 

model of the process as well as an optimisation algorithm. 

 

The developed predictive model is based on deep neural networks due to their high performance. 

For neural network training we used an array of 4700 data points obtained from over 20 years of 

observation of the precipitation area. The best training results were achieved using two-layer 

neural networks of LSTM (long short-term memory) type with 20−60 neurons per layer. 

 

A sensitivity study of the neural network model showed that, within the established boundaries 

of parameter changes, the following parameters had the strongest influence on the optimisation 

function (see Figure 1): temperature of head precipitators (T1 from 61 to 68 C), solid content in 

the slurry (Cs from 700 to 800 g/L) and temperature of last precipitators (Tn from 48 to 50 C). 

Liquor flowrate per all lines of precipitation area (Ql from 475 to 600 m3/h) and amount of 

unclassified seed slurry pumping out (Qp from 0 to 80 t/day) had less of an impact. 

 

 
Figure 1. Degree of influence of factors on the response function. 

 

PSD control in precipitation can be represented by a multi-parameter optimisation problem with 

nonlinear constraints of equality and inequality types: 

 

min 𝑓(𝑥, 𝑧) 

under conditions: 

 𝑎𝑗 ≥ ℎ𝑖(𝑥, 𝑧) ≥ 𝑏𝑗   (inequality) (2) 

 𝑔𝑖(𝑥, 𝑧) = 𝑐𝑖   (equality)  

 

where: 

x set of control parameters (see Figure 2-d) 

z set of unregulated parameters (see Figure 2-c) 

𝑓(𝑥, 𝑧)  optimisation function (see Figure 2-a) 

i and j sets of constraints of equality and inequality types respectively 

𝑔𝑖(𝑥, 𝑧) and ℎ𝑖(𝑥, 𝑧) functional constraints (see Figure 2-b) 

𝑎𝑗, 𝑏𝑗 and 𝑐𝑖 constants or functions 
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The specific type of optimisation function is determined when formulating the control problem, 

e.g.: min 𝑓(𝑥) ≡ min[max(𝐹45𝑝)], where p is any point in the forecasted time series – this 

condition stimulates the optimizer to reduce the content of particles smaller than 45 µm (F45) at 

the point p corresponding to the maximum F45 on the control horizon (see Figure 2-a). 

 

 
Figure 2. Optimal control problem: a - optimisation function; 

b - functional constraints; c - unregulated parameter; d - control parameter. 

 

For testing the optimal control system, 11 control parameters were selected in a 5-train 

precipitation area. Forecast and control were conducted with a 90-day horizon using one-day 

intervals. 

 

Generally, the optimizer must optimize the control parameters at each point in the time series. 

This is computationally expensive. The number of points can be reduced by assigning special star 

points, which will occur, for example, on every third day (see Figure 2-d). The star points spacing 

can be different for different control parameters. Optimization was conducted using only the star 

points, and for the time points between them, the setpoints were obtained by linear interpolation. 

Star points were used to reduce the factor space in our problem from 990 to 71 variables (see 

Table 1).  
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Table 1. Control parameters and optimization star points. 

# Parameter Description # of star points 

1 T1-1 Temperature of head precipitator of train No. 1, C 12 

2 T1-2 Temperature of head precipitator of train No. 2, C 12 

3 T1-35 Temperature of head precipitator of trains Nos. 3, 4 and 

5, C* 

12 

4 Tn-1 Temperature of tail precipitator of train No. 1, C 3 

5 Tn-2 Temperature of tail precipitator of train No. 2, C 3 

6 Tn-35 Temperature of tail precipitator of trains Nos. 3, 4 and 5, 

C* 

3 

7 Ql Flowrate of feed aluminate liquor to the precipitation 

area, m3/h 

12 

8 Cs-12 Concentration of seed in head precipitator of trains Nos. 

1 and 2, g/L* 

4 

9 Cs-35 Concentration of seed in head precipitator of trains Nos. 

3, 4 and 5, g/L* 

4 

10 Qp-3 Flowrate of seed slurry sent to precipitation area No. 3, 

m3/h** 

3 

11 Qp-6 Flowrate of seed slurry sent to precipitation area No. 6, 

m3/h** 

3 

 Total = 71 

* The value is the same for several trains due to design. 

** Seed slurry from cyclone overflow of precipitation area No. 10 is sometimes used in 

precipitation areas Nos. 3 and 6. 

 

The optimal problem is solved by using both the Levenberg-Marquardt algorithm and gradient-

free genetic search [2], i.e. by optimizing f(x), predicting z(x) while satisfying constraints g(x) and 

h(x), we find the optimal control value of x over time (𝜏) for use in the plant. 

 

The described functionality is implemented in the in-house application PrecipExpert. This 

software uses a block flow diagram principle (see Figure 3) and includes modules for reading data 

from the control system, working with trained neural network models, performing optimization, 

and generating and sending reports. 

 

2.1  Performance Testing 

 

The optimal control system was pilot tested in precipitation area No. 10 at RUSAL Kamensk-

Uralsky refinery (UAZ refinery). 

 

Figure 4 shows an excerpt from the optimal system performance report. Based on data from 

February 23 – May 20 2024 and the results of the optimal calculation, the system generated a 

proposal for the temperature control of the head precipitators for the next 90 days and predicted 

changes in precipitation parameters: liquor productivity, content of -45 µm fraction in the last 

precipitator, and liquor supersaturation ratio in terms of alumina to slurry interfacial surface C/S. 

 

Incorporating physical laws into a deep neural network makes its structure and response more 

predictable. For this purpose, we can use the population balance Equation (1), supplementing it 

with missing dependencies. 
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Figure 3. PrecipExpert application interface. 

 

 

 
Figure 4. Example of optimal system recommendations: a - calculated temperature target 

of head precipitators; b - historical and predicted values of liquor productivity, -45 µm 

fraction content and C/S ratio. 
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3. 2nd Generation Optimal System Concept 

 

The relationship between the increase in solid phase content and the decrease in alumina 

concentration in the liquor can be expressed as follows: 

 
𝑑𝐴

𝑑𝑡
= −𝑘𝑚 (

𝜌𝐴

𝜌𝐴 − 𝐶𝑠
)

2 𝑑𝐶𝑠

𝑑𝑡
 (3) 

 

where: 

𝐴 concentration of Al2O3 in the liquor, kg/m3 

km =
𝑀[𝐴𝑙2𝑂3]

2∙𝑀[𝐴𝑙(𝑂𝐻)3]
, molar mass ratio of aluminium oxide and hydroxide 

𝜌𝐴 density of aluminium hydroxide, kg/m3 

𝐶𝑠 mass concentration of solid phase in the slurry, kg/m3 

 

The amount of crystallizing substance in a unit volume is determined by the formula: 

 
𝑑𝐶𝑠

𝑑𝑡
= 𝜌𝐴

𝑑

𝑑𝑡
(𝐺 ∙ 𝑆𝑆𝐿) (4) 

 

The parameter 𝐶𝑠 is the third moment of the particle population, while the total surface area of 

particles in the slurry 𝑆𝑆𝐿 corresponds to the second moment [1]. The general rule of calculation 

of moments of ith order is as follows: 

 

𝜇𝑖 = ∫ 𝐿𝑖𝑛(𝐿)𝑑𝐿

𝐿𝑚𝑎𝑥

𝐿𝑚𝑖𝑛

 (5) 

therefore:  

𝐶𝑠 = 𝜌𝑠

𝜋

6
𝜇2 = 𝜌𝑠

𝜋

6
𝜇3 (6) 

 

𝑆𝑆𝐿 = 𝜋𝜇2, (7) 

 

where: 

𝜇𝑖 (or mi) moment of the ith order 

𝐿𝑚𝑖𝑛 and 𝐿𝑚𝑎𝑥 left and right boundaries respectively, i.e. the minimum and maximum particle 

size in the PSD, m 

𝜌𝑠   density of the solid, kg/m3 

 

The linear particle growth rate G, included in equations (1) and (4), can be considered independent 

of the particle size and determined by the formula [3]: 

 

𝐺 = 𝑘0

1

√𝐶
𝑒𝑥𝑝 (

𝐸𝑎𝑐𝑡

𝑅𝑇
) (

𝐴 − 𝐴𝑒𝑞

С
)

𝑧1

 (8) 

 

where: 

𝑘0 pre-exponential multiplier, m/s 

𝐸𝑎𝑐𝑡 activation energy, J/mol 

𝑅𝑇 universal gas constant × temperature, J/mol 

𝐴𝑒𝑞 equilibrium concentration of Al2O3 in the liquor, g/L 

С concentration of caustic alkali in terms of Na2CO3, g/L 

𝑧1 degree index 
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The system of equations was approximated using a physics-informed neural network (PINN), 

which is used in modelling complex processes described by partial differential equation 

(PDE) [4, 5]. To be included in the PINN, equation (1) had to be linearized by introducing a new 

function 𝜃 = ln(𝑛). With the new notation and accounting of the boundary conditions, it takes 

the following form: 

 
𝜕𝜃

𝜕𝑡
+ 𝐺

𝜕𝜃

𝜕𝐿
= 𝑒−𝜃(𝐵 − 𝐷) 

(9) 

 

 
𝜕𝜃

𝜕𝑡
|

𝐿0
= exp[𝜃𝑛𝑢𝑐 − 𝜃]; 𝜃 > 𝜎 (10) 

 

 

𝜃(𝐿, 0) = 𝜃0 (11) 

 

Figure 5 presents the PINN architecture for solving the system of PBM equations under batch 

process conditions. It uses four deep neural networks DNN1 to DNN4, each of which is 

responsible for approximating one of the system parameters: 𝜃, m2, m3 and A. 

 

 
Figure 5. PINN architecture for PBM of aluminium hydroxide precipitation under batch-

process conditions. 

 

To solve the problem depicted in Figure 5, 4-layer fully connected networks are used. DNN1 

approximates the PDE solution and has 256 neurons in each layer. The other networks 

approximate the ordinary differential equation (ODE) solutions and have 64 neurons in each layer. 

The tanh activation function was used in the model. L2 -regularization was applied in training. 

The mean squared error (MSE) function is computed as the sum of 12 individual error functions 

of the individual approximations and coupling equations taken with gain factors i. The Adam 

optimizer with a manually adjustable learning rate between 10-4 and 10-3 achieves a total error of 

10-3, on average, in 105 iterations. The computation of integrals using Formulas (5−7) and the 
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agglomeration equation slows down the computation. TensorFlow library was applied to train the 

model [6, 7]. 

 

Figure 6 shows an example of approximation of the solution of the population balance equation 

with a set of fixed coefficients: 

𝑘0 = 4.71012 m/s in (8) 

𝐸𝑎𝑐𝑡 = 73 kJ/mol in (8) 

𝑧1 = 2 in (8) 

𝜃𝑛𝑢𝑐 = 12 in (9-11) 

𝛽4 = 4 ∙ 104 ∙ (4.05 ∙ 10−5 ∙ 𝑡4 − 0.0122 ∙ 𝑡3 + 1.376 ∙ 𝑡2 − 68.7 ∙ 𝑡 + 1284) 

      in the agglomeration equation (not given, see [1, 8]). 

 

This example demonstrates that generating a surrogate model of batch precipitation based on 

PINN is possible. Generation of a generalized PINN model with different sets of coefficients is a 

matter of computational efforts. 

 

The scheme in Figure 5 can be used in solving the problem for continuous precipitation, but in 

this case the initial state ic for the new solution will be the previous solution {𝜃, m2, m3 and A}. 

Due to the much higher computational requirement, continuous precipitation is more difficult to 

model and therefore it has not yet been done. 

 

    
a     b 

    
c     d 

Figure 6. Approximation of PBM solution for batch precipitation using PINN: a) 𝐥𝐧(𝒏);  

b) 𝐥𝐧(𝒏); c) SSL; d) concentration of Al2O3 in the liquor. 
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4. Conclusions 

 

We have demonstrated that a predictive multi-parameter model of aluminium hydroxide 

precipitation can be based on a deep neural network like LSTM if sufficient extensive historical 

data is available to train said model. 

 

The precipitation control setpoint optimization method, which combines a preliminary gradient 

search with gradient-free genetic solution improvement, performs well in finding the optimal 

point in a multidimensional constrained space. 

 

The principle of using star points allows for significant reduction in the dimensionality of the 

factor space of the optimal problem and provides for smooth regulation. 

 

Testing of the optimal control system in the precipitation area at the UAZ alumina refinery 

demonstrated its ability to control the PSD and liquor productivity, but revealed some drawbacks 

related to the insufficient generalization ability of the neural network model trained on actual 

industrial data. 

 

The possibility of building a surrogate model of the precipitation process is shown based on 

PINN-type neural networks. The next stage of the work is developing robust hybrid models, in 

which industrial data is supported by the physics of the process. 
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